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Distribution of Average Molar Weight in a Cascade
for Separating Multicomponent Isotopic Mixtures

CHUNTONG YING* and SHI ZENG
DEPARTMENT OF ENGINEERING PHYSICS
TSINGHUA UNIVERSITY

BEUING 100084, PEOPLE'S REPUBLIC OF CHINA

ABSTRACT

The distribution of average molar weight of the process mixture in a cascade is
an important characteristic in the separation of multicomponent isotopic mixtures,
The average molar weight is shown to decrease monotonically along the enriching
direction of the cascade. The composition of some intermediate weight isotopes may
reach a maximum at some location in the cascade. The average molar weight can
be used to judge the effectiveness of the separation cascade.

Key Words. Average molar weight; Separation cascade; Multicom-
ponent isotopic mixtures '

INTRODUCTION

The demand for stable isotopes is stimulating theoretical and experimental
research on separation cascades for separating multicomponent isotopic mix--
tures. Cohen (1) and Benedict (2) nicely discussed the basic principles for
binary multistage cascades since the process mixture for uranium separation is
treated as a binary mixture. A. de la Garza et al. (3) discussed multicomponent
isotope separation cascades with close separation in 1961. Since then, a num-
ber of authors have studied multicomponent isotope separation cascades with
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close separation (4-8). Not many papers have been published concerning
gas centrifuge cascades for the separation of multicomponent isotopes. Gas
centrifuge cascades have large separation factors. An extensive list of refer-
ences to the relevent literature is provided by the authors in Ref. 9. Behavior
that is special to multicomponent mixture separation cascades with large sepa-
ration factors, such as the optimal feed position, has been discussed by Ying
etal. (9). The average molar weight of the mixture is a characteristic parameter
of multicomponent separation cascades. Understanding its distribution in a
separation cascade is important for understanding and analyzing separation
phenomena in the cascade.

In this paper the governing equations are used to derive the variation of
the average molar weight and composition distribution of each component
in the cascade. In the close-separation case, the average molar weight is shown
to vary monotonically along the cascade, i.e., the average molar weight always
decreases along the enriching direction of the lightest component. Five exam-
ples for separation cascades with large separation factors are given to show
the same variation of the average molar weight distribution in the cascade.
In some cases the intermediate weight component of the multicomponent
mixture reaches its maximum composition in the middle of the cascade. An
approximate relationship is developed. The average molar weight can easily
be used to show the effectiveness of the cascade.

THEORETICAL ANALYSIS
Governing Equations for a Cascade

A general cascade schematic for the separation of multicomponent isotopic
mixtures is shown in Fig. 1. The governing equations for the cascade are (3)

0,Gp — (1 = 0,41)Gp4y = Pf(); n=1....N—-1 (1)
0,GnCri = (1 = 0,40)Gus1Crpry = PR i=1,2,...,K
n=1...,N=1 (2
Coi = 0,Chi + (1 — 0)Chis i=12...Kn=1...,N

3)

Q%L) = Pi_1i(t) = PE(1);  i=1,2...,K
n=1..,Ne— LNe+ 1,...,N (4a)
-a(H#tC’LQ = Py 14(1) — P3i(®) + FCp;; i=12...,K;n = Np

(4b)
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FIG. 1 A cascade scheme.

where PX(¢) is the net flow rate transported into the cascade above the nth
stage, P¥,(¢) is the net flow rate of the ith component transported into the
cascade above the nth stage, K is the number of components in the mixture,
N is the stage number in the cascade, 6, is the cut of the nth stage, G, is the
interstage flow rate of the nth stage, H, is the holdup of the nth stage, F is
the feed flow rate at the Ngth stage, and C,;, Cr;, and Cp; are the feed,
heads, and tails composition of the ith component in the nth stage. In Fig.
1, P is the product flow rate of the cascade, W is the tails flow rate of the
cascade, and Cp;, Cw;, and Cg; are the product, tails, and feed composition
of the ith component. Equation (1) shows the total material balance in the
cascade above the nth stage. Equation (2) reflects the material balance of the
ith component in the cascade above the nth stage. Equation (3) is derived
from the material balance of the nth stage. Equation (4a) or (4b) reflects the
rate of change of the ith component in the nth stage.
Combining Egs. (1) and (2) gives



11:21 25 January 2011

Downl oaded At:

1864 YING AND ZENG

OnGn(C:x,i - CZ+1,:) = Pnt P* n+lu
i=1L2,....Kkn=1,...,N—=1 (5

Equation (5) can be used to determine the change in tails composition between
adjacent stages:

Phi — PECrari
8,G, ’

i=1,2...,.Kkn=1,...,N—1 (6)

The separation factors in each separating unit are defined as (10)

" "o 1
n+li — Cn,i = Cn.l' - C"-i -

_calc (o} _G|C

The definitions in Eq. (7) can be used to obtain the following relationships:
1 Cl"l l 14 Cz i
Cn.j Z'Yu ’ , Cnx 2 C /'Ylj (8)

In this paper we discuss steady-state problems. Two approaches are used
to obtain the steady-state solution. One approach is to solve the equations in
steady state, i.e., assume 0/0¢ = 0 in Eq. (4a) and (4b). Then use an iterative
method to find the solution. Another approach is to solve the transient equa-
tion. Steady state is defined as the time when all the variables become con-
stant. When the iterative approach is divergent, the transient approach is the
only way to obtain the solution. The calculational methods are discussed in
Wu et al. (12).

Variation of Average Molar Weight in the Cascade

__The average molar weight of the mixture at the nth stage in the cascade,
M,, is equal to X;M;C,,;, where M; is the molar weight of the ith component.
Multiplying Eq. (6) by M; and summing all the equations give the change of
the average molar weight between adjacent stages:
> MiP¥: — PiMyi
—Z —M":M;—M"—i . 9
+1 n n enGn ( )

n=1...,N—1

where M., is the average molar weight of the heads flow at the nth stage,
and Mj; is the average molar weight of the tails flow at the nth stage.
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Close-Separation Cascade

A close-separation cascade is one in which the separation factors are very
close to unity. In a close-separation cascade the difference Eq. (6) may be
approximated by the following differential equation:

an.i Pr’f.i — P;i;.icn.i

dn = Cn.i - Cn,l' - BnGn
_ ¢ _ Chi _ PEi— PECy
ni E ‘YUCJ, enGn
J
Pk — PEC,;

= Cuslnyo 3 (M = M)C; — == (10)

o P — PECyi
= CpiInyo(M, — M) — 0.6,

i=1.,2,...,Kn=1...,N—1

The close-separation condition y; — 1 < 1 ory; — 1 = In +y; and the
approximation C,; = Cp, 4 ; were used to derive Eq. (10). In addition, y;; was
related to the differences of the molar weights using (10)

vy = YoM (11)

where vy, is the heads-to-tails separation factor per unit molar weight differ-
ence. According to the definition of v;;, yo must be greater than 1; therefore,
In yo = 0. We should emphasize that Expression (11) is only correct for the
separation of multicomponent isotopic mixtures.

Multiplying Eq. (10) by M; and summing over all the components gives

_ S, M(P%; — P£Cop)
My o (M2 = 3, MIC,;) — -
dn = In Yo n ; ivn,i BnGn »

n=1,2...,N (12)

According to the Cauchy inequa;ity:
(z a,-b,-) < (2 a,z) (g b,z) a3
i i i
Letting a; = M;CY? and b; = C)}'? gives
(= Mc) =(smic)(3 e =S an
i i i 7

that is,
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(Mi - M,?c,,,,.) =0 (15)

The condition }; C,; = 1 was used for the derivation of Eq. (14).
If there are no external withdrawals from the cascade, the second term on
the right side of Eq. (12) equals zero. In that case
@—1 M2 2C,i) = -1 CpniCi(M; — M)?*=<0
dn =In%yo n'—zMi nil = — H‘YOZIZ<_ n,i nJ( i~ j) =
i j 1=i<j
(16)

Equation (16) shows that the average molar weight of the process mixture
in the cascade monotonically decreases with the stage number, i.e., toward
the enriching direction, when there is no withdrawal from the separation
cascade.

In the case without withdrawals, the composition differential Eq. (10) be-
comes

—2 = CoiInyo(M, — M) a7

Equation (17) shows that:

(a) The composition of the lightest component of the mixture in the cascade
increases monotonically along the enriching direction since the average
molar weight M, is always =M, in the cascade. From Eq. (17), dC, 1/dn
=0.

(b) The composition of the heaviest component of the mixture in the cascade
decreases monotonically along the enriching direction since the average
molar weight M, is always =My in the cascade. From Eq. (17), dC, x/dn
=0.

() When the average molar weight of the mixture at stage n, M, is equal
to the molar weight of the ith component, M;, the composition of the
ith component reaches its maximum because in this case dC, /dn = 0.
In this case the average molar weight of the mixture at the first stage,
My, is greater than M;. The average molar weight of the mixture in the
cascade decreases with stage number n. When the average molar weight
of the mixture at the nth stage, M, reaches M;, then dC,, /dn = 0 and
the composition of the ith component reaches its maximum.

(d) The composition distribution has no minimum value since the average
molar weight of the mixture, M, in the cascade is always decreasing.
Therefore, since the composition decreases from the first stage, then for
any component M; < M;, so M, will never be equal to M; because M,
is decreasing with stage number n.
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In summary, the compositions of the lightest and heaviest components
vary monotonically along the cascade, the compositions of some intermediate
components may reach a maximum value in the cascade but not at the end
stages, and the compositions of all component have no minimum value in
the cascade.

The separation of binary mixtures for separation cascades with external
withdrawals will be considered first. The composition differential equation
for close-separation cascades is (11)

dc, _

Pi, — PEC,
dn = ('Y - l)Cn(l o

0.G, (18)

where C, is the composition of the light component in the nth stage, P, is
the net upflow rate of the light component in the cascade at the nth stage,
P#* is the net upflow rate of the process gas mixture in the cascade at the nth
stage, and

_ Gy Cn
YET1T=-cCl1=¢c

Let M, be the molar weight of the light component and M, be the molar
weight of the heavy component. Then the average molar weight of the gas
mixture in stage n, M, is equal to

M, = M,C, + My(1 — C,) 19
Differentiating Eq. (19) with respect to n gives
dM, dc,
L= (M = M) (20)

For a given process gas mixture, M; — M, is constant and always less than
zero. Because the stages in the cascade are connected with each other as
shown in Fig. 1, the composition of the light component is always increasing
along the enriching direction, therefore

dC,ldn = 0 (21)
Then,
dM,ldn < 0 (22)

Inequality (22) shows that the average molar weight of the process gas
mixture in the cascade decreases monotonically along the enriching direction
of the cascade regardless of any external withdrawals.
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For the separation cascade of multicomponent gas mixtures, Eq. (12) must
be used. It has been proven that the first term on the right side of Eq. (12)
is less than zero. Because P}/(8,G,) is usually much less than In vy, in'actual
square cascades, the absolute value of the second term is usually less than
the absolute value of the first term, so dM,/dn < 0 for the close-separation
cascade in most cases of square cascades. However, Inequality (22) is still
not proven for the general case.

Separation Cascade with Large Separation Factors

For a separation cascade with large separation factors, Eq. (9) gives the
change of the average molar weight between adjacent stages. When there are
no withdrawals from the cascade, the change of the average molar weight
between adjacent stages becomes

Mpsr —My,=M,~M,;; n=1..,N-1 (23)
It is reasonable to say that M, = M, because the lightest component of

the mixture is enriched in the heads flow of the nth stage and the other
components satisfy the relationship

i = Yo M (n

where -y, is the heads-to-tails separation factor per unit molar weight differ-
ence and vy = 1. Therefore,

TABLE 1
Process Gas and Separation Cascade Operating Data
Example
1 2 3 4 5
Process gas UFg CrO,F, WFs 0s04 Xe
Number of stages [N] 20 20 20 20 20
Yo 1.15 1.30 1.40 1.40 1.40
FIG 0.10 0.10 0.10 0.10 0.10
PIF 03 0.5 0.35 03 0.2
Nr 4 16 4 6 2
Isotopic composition (*°0, 100.%) ('%0, 100.%)
of the feed: 34y, 0.02% 30Cr, 4.31% 180w, 0.135%  '*0s, 0.018%  '**Xe, 0.096%
65y, 0.9% 52Cr, 83.76% 182y, 2641%  1860s, 1.59% 126¥e. 0.09%
By, 0.4% 33Cr, 9.55% 183w, 14.40% 18705, 1.64% 128%e, 1.919%
B8y, 98.68%  3°Cr, 2.38% 184y, 3064%  1%%0s, 13.3% 129Xe, 26.44%
186w, 2841%  '%°0s, 16.1% 130%e, 4.08%
19005, 26.4% Bixe, 21.18%
19205, 40.95%  13%Xe, 26.89%
134%e, 10.44%

136Xe, 8.87%
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TABLE 2
Distribution of Average Molar Weight in Separation Cascade
Example
1 2 3 4 5

Process gas UFg CrO,F, WFs 0s0; Xe
M 237.99 52.24 184.57 190.94 131.54
M, 237.99 52.18 184.21 190.59 130.74
M; 237.99 52.15 183.94 150.32 130.16
M, 237.99 52.12 183.72 190.11 129.75
Ms 237.99 52.10 183.54 189.94 129.46
M 237.99 52.09 183.41 189.76 129.28
M, 237.99 52.08 183.30 189.59 129.17
Mg 237.98 52.08 183.21 189.46 129.10
M, 237.98 52.07 183.12 189.35 129.06
My 237.98 52.07 183.04 189.27 129.03
My 237.98 52.07 182.97 189.19 129.02
My 237.98 52.06 182.90 189.11 129.01
My 237.98 52.06 182.83 189.04 129.00
My 237.98 52.05 182.76 188.98 128.99
Ms 237.98 52.04 182.69 188.91 128.99
Mis 231917 52.02 182.61 188.84 128.98
M, 237.97 52.00 182.53 188.77 128.97
Mg 237.95 51.97 182.45 188.67 128.96
My 237.94 51.94 182.38 188.55 128.94
My 23791 51.88 182.30 188.39 128.90

" —Mi<0;, n=1...,N—1 (24)

Inequality (24) shows that the average molar weight of the process gas
mixture decreases monotonically with stage number when there are no with-
drawals from the cascade. In other words, the average molar weight decreases
monotonically along the enriching direction.

The composition distribution for each component and the average molar
weight in square separation cascades was calculated for some examples (UF,
CrO,F,, WFg, OsO4, and Xe). The separation and process gas data are given
in Table 1.

The distributions of the average molar weights in the separation cascade
are listed in Table 2 and shown in Fig. 2 (note that the average molar weight
in the figure represents the average molar weight of the elements which have
several isotopes). Although the distribution patterns differ, the average molar
weights all decrease monotonically with stage number for all the examples.

The composition distribution of some of the components in the cascade is
shown in Figs. 3-5 for Examples 3, 4, and 5, respectively. Two maximums are
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TABLE 3
Separation of Chromium Using CrO,F; for Different Total Stage
Numbers N
N 20 16 12 8
Nr 16 12 8 6
M 52.24 52.24 52.23 5221
M, 52.18 52.18 52.18 52.16
M, 52.15 52.15 52.14 52.12
My 52.12 52.12 52.11 52.08
M 52.10 52.10 52.09 52.05
Mg 52.09 52.09 52.07 52.02
M; 52.08 52.08 52.05 51.97
M; 52.08 52.07 52.03 5191
M, 52.07 52.06 52.01
Mo 52.07 52.05 51.98
My, 52,07 52.04 51.94
M, 52.06 52.02 51.89
M3 52.06 52.00
My 52.05 51.98
Mys 52.04 51.94
My 52.02 51.88
My 52.00
Mis 51.97
My, 51.94
My 51.88
Cesit
0Cr 8.61% 8.61% 8.56% 8.40%
S2Cr 89.66% 89.59% 89.33% 88.03%
3Cr 1.64% 1.72% 2.02% 3.33%
HCr 0.075% 0.076% 0.082% 0.226%
CW dt
soCr 0.002% 0.010% 0.059% 0.213%
2Cr 77.86% 77.93% 78.19% 79.49%
BCr 17.46% 17.37% 17.07% 15.77%
34Cr 4.68% 4.68% 4.68% 4.53%

present in Fig. 3: one is for !%3W and the other is for ®*W, The maximum of
183W appears between Stages 2 and 3. In Table 2 the average molar weight of
W at Stage 2 is 184.21 and the average molar weight of W at Stage 3 is 183.94.
Therefore, the maximum composition appears at the nth stage, where M,, = M.
All the maximums of the composition curves in Figs. 3—5 correspond to

anMi

(25)
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FIG. 6 Average molar weight distribution for different total stage numbers for the separation
of chromium.

Application of the Concept of Average Molar Weight
to Designing Separation Cascades

The concept of average molar weight can be easily used to check the design
of a separation cascade. The results for the separation of chromium will be -
used as an example. The average molar weight curve for CrO,F, in Fig. 2
shows that it varies very little in the middle of the separation cascade. There-
fore, some portion of the cascade is not necessary for the separation of chro-
mium under the given operating conditions. Table 3 lists calculated results
for different total numbers of stages under identical operating conditions, i.e.,
under the same F/G, P/F, displayed in Table 1. The results show that when
the total number of stages is reduced from 20 to 12, Cp; and Cy; for all
components are nearly identical. Therefore, for the given operating condi-
tions, only 12 stages are needed for the separation. In Fig. 6 the average molar
weight curves are plotted for different total numbers of stages. The curves
show how the distribution of the average molar weight changes with the total
stage number, N, of the separation cascade. The average molar weight curve
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for N = 12 is best because the average molar weight changes uniformly from
one stage to another. When N = 8 Cp; and Cy; change too much to obtain
the desired values.

CONCLUSION

The average molar weight is a characteristic parameter for separation cas-
cades used to separate multicomponent isotopic mixtures. The average molar
weight at the nth stage in the cascade, M,,, decreases monotonically with
stage number. In other words, M, decreases along the enriching direction. The
composition of the lightest and the heaviest components varies monotonically
along the separation cascade. The composition of the intermediate compo-
nents may sometimes reach its maximum value in the cascade, but not at the
end stages. There is no minimum composition of any component in the cas-
cade. The average molar weight is a good parameter for judging cascade
design.

The conclusion is proven in some special cases, such as when there are
no withdrawals from the separation cascade or P¥/(0,,G,,) < Iny,. It is correct
for many examples including the example given in this paper. However, the
conclusion is still not proven for the general case.
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